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The Determination of Eddy Mass
Diffusivities for the Air-Water System in a
Wetted-Wall Column

DAVID W. BUNCH and MAILAND R. STRUNK

University of Missouri, Rolla, Missouri

Eddy mass diffusivities as a function of radial position for different Reynolds numbers have
been determined for gir flowing countercurrently to water in o wetted-wall column. The ratios
of the eddy mass diffusivity to the eddy viscosity also were determined. The wetted-wall column
was constructed from Pyrex glass with an LD, of 2.75 in. and o wetted section 39 in. in length.
An approach section was constructed from the same material and of adequate length to insure
full development of the velocity profile. The gas phase Reynolds numbers varied from 3,200 to
54,300. The liquid phase flow was laminar. The concentration and velocity profiles of the air
stream were measured experimentally and bulk temperatures of all streams were obtained. A
probe was developed te measure the concentration profiles. The probe consisted of platinum
wires wrapped in o helix around a glass capillary tube on which a thin layer of lithium
chioride in polyvinyl alcohol had been deposited. The resistance of the probe was a reliable
indication of the water vapor concentration in the air stream. The probe was calibrated and
used for all concentration measurements. Eddy mass diffusivities were evaluated from a solution
of the steady state mass diffusion equation by means of a digital computer with experimental
velocity and concentration profiles. Qualitatively, the eddy diffusivity profiles are similar to
those which have been obtained for heat and momentum transfer. When these profiles are
used with the diffusion expression, they are capable of accurate evaluation of the concentration
profile. The ratio of the eddy mass diffusivity to the eddy viscosity was determined and was
found to be less than 1.0 over most of the cross section, but the ratio increased to values
greater than 1.0 near the center and neor the walls of the column.

Boussinesq (1) has suggested that the eddy diffusivity N. dc,
be defined in a manner analogous to the molecular dif- A (D, + E) dr (2)
fusivity; that is

=—FE— (1)

A combination of the molecular and eddy effects leads
to the general expression for the total mass transferred

David W. Bunch is with Ethyl Corporation, Baton Rouge, Louisiana.
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Various investigators have found (2 to 4) that the eddy
diffusivity varies with position; that is

E=E(x) (3)

Tao and Strunk (5) recently determined eddy thermal
diffusivities for air flowing in circular conduits at various
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radial positions for different Reynolds numbers. In ref-
erence 5 values of the eddy thermal diffusivity, eddy vis-
cosity, and ratio of eddy thermal diffusivity to eddy vis-
cosity for numerous radial positions were evaluated. The
purpose of this investigation was to determine the eddy
mass diffusivities for the air-water system at various radial
positions for different Reynolds numbers. A comparison of
these values with those from heat transfer measurements
could then be made. There is a scarcity of such experi-
mental data in the literature.

The wetted-wall column has been used by a number of
investigators. Gilliland and Sherwood (6) used such a
column to study the evaporation of several different lig-
uids into turbulent air streams. McCarter and Stutzman
(7) used a wetted-wall column to investigate the diffusion
of several different liquids into air. Schwartz and Hoels-
cher (4) conducted studies in a wetted-wall column and
obtained local values of the eddy mass and momentum
diffusivities as well as the local mass transfer rates for
water evaporating into air. All their observations were
at a Reynolds number of 25,000. Their concentrations
were determined at various radial positions by withdraw-
ing air samples, and then passing them through tubes
containing commercial Drierite which were then weighed.

Also of interest are the works of Johnstone and Pigford
(8) and that of Surowiec and Furnas (9) who studied
rectification in wetted-wall columns. Jackson (I10) and
Thomas and Portalski (11, 12) conducted extensive hy-
drodynamic studies on wetted-wall columns and estab-
lished limits on the extent of the laminar zone for the
flow of the liquid phase.

In a recent study of the effect of liquid flow properties
on mass transfer, Kafesjian, Plank, and Gerhard (13)
studied the effects of rippling in the liquid phase. They
found that for a liquid phase Reynolds number less than
25, the flow of liquid is nonrippling. In this present work
the flow of water down the column was maintained in
the laminar region at all times to minimize rippling effects.

Several investigators, including the authors, have used
surface active agents to reduce rippling. Among these
have been Schwarz and Hoelscher (4), Jackson (10),
and Emmert and Pigford (14). Emmert and Pigford de-
termined that the addition of a wetting agent has little
effect upon the assumed boundary condition at the inter-
face. Schrage (15), using the data of Gilliland and Sher-
wood (6), also showed the interfacial resistance due to a
wetting agent to be negligible.

EXPERIMENTAL EQUIPMENT

A glass column similar in most features to that used by
other investigators was used. The column was constructed
from Pyrex glass with an LD. of 2.75 in. An approach section
was constructed of the same material to insure development
of the velocity profile. Air was passed upward through the
column countercurrent to a film of water which flowed down
the inside perimeter of the column. The column exhausted
into open air at the top. The wetted length of the column was
39 in.

The water phase contained a small amount of a commercial
liquid detergent to prevent rippling of the liquid surface. The
condition of the liquid surface was observed by viewing down
the column as well as by viewing laterally to assure that com-
plete wetting was attained at all times. Although the liquid
phase Reynolds number (4I'/u.) varied from 120 to 180 in
the laminar region, this was considerably above 25 which is
the upper limit for nonrippling. The amount of detergent used
was less than 0.1% of the total liquid in the system. As the
introduction of this small quantity of detergent created a
foaming problem in some sections of the recirculation system,
it was necessary to add a few drops of a foam suppressant.
The addition of these foreign substances lowered the vapor
pressure by a slight amount. The actual vapor pressures of
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apparatus.

the water used in the system were incorporated in the calcula-
tions. The gas phase Reynolds number varied from 3,200 to
54,300. A schematic diagram of the apparatus is presented in
Figure 1.

A small probe was constructed to measure the concentra-
tion profiles. The probe consisted of platinum wires wrapped
in a helix around a glass capillary tube on which a thin layer
of lithium chloride in polyvinyl alcohol had been deposited.
The probe was slightly less than 2 mm. in diameter and 3 in.
in length. The lithium chloride and wires were placed on only
the lower portion of the tube. Strunk, Mitrovic, and Bunch
(16) previously discussed such a probe and demonstrated its
usefulness and accuracy. The resistance of the probe was found
to be a reliable indication of the water vapor concentration
in a gas at that particular location. The probe was calibrated
and used for all concentration measurements. The concentra-
tion profiles integrated over the cross-sectional area were con-
sistent with the bulk properties such as the mass transfer co-
efficient and the actual water evaporation rate.

Velocity profiles were obtained by measuring the velocity
head with a carefully made impact tube constructed from a
hypodermic needle having a diameter of approximately 0.02
in. The pressure measurements were determined by means of
an ultrasensitive micromanometer which was capable of in-
dicating a differential pressure of 0.001 in. of water.

A traversing mechanism was constructed from aluminum to
provide a movable base for the velocity and concentration
probes. This mechanism was mounted at the top of the column
in such a way that the sensing elements were located 38 in.
above the bottom of the wetted-wall section. The traversing
mechanism was so constructed that the concentration or velocity
probe could be positioned and advanced radially by means
of a micrometer mechanism. The distance traveled was read
on a micrometer barrel which had 0.001 in. as its smallest
reading.

EVALUATION OF THE EDDY FUNCTION

The appropriate expression for mass transfer in cylin-
drical coordinates under steady state conditions in terms
of the partial pressure is

P, 1 o [ 61’,,]
- = D, — 4
u(r) 0z r or T ar (4)

In Equation (4) the physical properties of the fluids are
assumed constant, axial diffusion is negligible, the velocity
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is a function of radial position only, and both velocity and
concentration profiles are symmetrical about the centers.
The boundary conditions describing the system are

B.C. 1 atr=R, P,=P,
B.C.2 at z=0, P,=P,
B.C.3 at r=0, (dP.)/(ar) =0

It should be noted that equilibrium is assumed to exist at
the interface. The diffusivity term D., may be interpreted
as a combination of the molecular and eddy diffusivity,
that is

D,, = D, + E(r) (5)
Equation (4), expressed in dimensionless form, becomes
ad 2 [ a6 0B 90 9°¢ ]
U(X}) —=—|B—+X— — + XB—
(X) 0z X 0X + 60X oX + axX*
: (6)
The transformed boundary conditions are
B.C. I at X=1, =0
B.C. 2 at Z=0, =1
B.C. 3 at X =10, (96)/(aX) =0

In this dimensionless form, Equation (6) is identical in
form to the expression for heat transfer with constant wall
temperature. The solution, using the method of separation
of variables, yields an expression containing eigenvalues
and eigenfunctions as follows:

© Pz

0(X,Z) = z C.R.(X)e (7)
n=¢

where R, is a solution of
d 1
— [XBR,’ (X — Ay U(X) XR(X) =
dX[ ()]+2 (X)XR.(X) =0 (8)

with boundary conditions

B.C.IA  R,(0)=1
B.C.2A  R.(1) =0’
B.C.3A R/(0) =0

Equation (8) is a Sturm-Liouville type of differential
equation. The eigenfunctions R,(X) are orthogonal with
respect to the weighting function 1/2 XU (X) in the in-
terval from 0 to 1. '

If it can be assumed in Equation (7) that only the first
term in the infinite series is significant, Equation (7) be-
comes 5

6(X,Z) = CR(X)e ™" (9)
At X = 0, Equation (9) becomes
6(0,Z) = C.Ri(0)e " (10)
But from B.C. 1A
R(0) = 1
Thus
M2z
Ci=6(0,Z)e (11)
Substitution of C, into Equation (9) gives
R.(X) = 6[(X,Z)]/610, Z] (12)

Therefore, the first eigenfunction can be approximated as
the ratio of the dimensionless concentration at any radial
position to that at the center.

From the orthogonal properties of the eigenfunctions,
C, may be determined as
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f U (X)XR.(X)dX

C (13)

’ _f U(X)XR(X)dX

Then the constant C, of Equation (9) may be evaluated
from numerical integration of the experimental velocity
data and eigenfunctions by using Equation (13). The
eigenvalue ), may then be found by rearrangement of
Equation (11)

kfz—i—ln[m(:—’l—z?] (14)

Integration of Equation (8) then yields the eddy function

NS
mf XU(X)R.(X)dX  (15)

At this point the entire calculation can be reversed and
the concentration profile computed and compared with
the experimental profile if a knowledge of the eddy func-
tion and the velocity profile is known.

Strunk and Tao (17) presented a numerical method for
solving such a problem whereby the eigenvalue and eigen-
functions can be determined. The concentration profile
can then be calculated from Equation (7). This provides
a check on the validity of the eddy diffusivity function.
In most cases, the regenerated eigenfunction failed to ful-
fill the boundary requirement at X = 1

R.(X) =0

However, by adjusting slightly the value of B(0.95), the
eigenfunction could be forced to meet the boundary con-
dition. The justification for making this slight adjustment
for B(0.95) was due to the difficulty of obtaining accurate
concentration measurements in the immediate vicinity of
the wall. This difficulty arises because of the following
reasons:

1. Near the wall, the presence of the concentration
measuring device tends to disturb the liquid phase flow.
This was observed visually during the experiments.

2. The possibility of entrained droplets on the concen-
tration probe is greater in the region near the liquid sur-
face.

3. The slope of the concentration distribution at the
wall is very steep. Thus, a small error in the positioning
of the probe could result in a large error in the concen-
tration.

The evaluation of the eddy diffusivity function is very
sensitive to the slope of the concentration distribution.
It was believed that the experimental concentration data
near the wall were not satisfactory for the evaluation of
the eddy diffusivity function. To circumvent this difficulty,
the value of the eddy diffusivity at X = 0.95 was deter-
mined as that value which, when combined with the eddy
diffusivity profile over the remainder of the column cross
section, satisfied the boundary condition, R.,(1) = 0. In
the numerical method used, there was always some resid-
ual value of R,(1). Thus, a value of R,(1) = 0.0005 was
accepted as being sufficiently near zero.

The series in Equation (7), when applied to turbulent
heat transfer, was generally found to converge rapidly
and that only the first term in the series was significant
(5, 18, 19). It is believed that this may be true only over
a limited range of Reynolds numbers for a given z/D
ratio. The assumption that only the first term of the series
in Equation (7) is significant is valid only when Z and
hence z/D is sufficiently large. In this Investigation it was
found that the second term could not be neglected, as
its value was as much as 109 of the magnitude of the
first term. This is true because the value of the Reynolds
number increases more rapidly than does that of the

B(X) =
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eigenvalue. Thus, the exponent \.°Z decreases as the
Reynolds number increases. The net effect is to increase
the magnitude of the successive terms of Equation (7).
Because of this fact, the following calculation procedure
was employed. The eddy function B(X) was evaluated
from Equation (15) using only the first eigenvalue and
eigenfunctions. The eddy function was smoothed and ad-
justed near the wall to satisfy the boundary conditions as
previously described. A value of A,* was then assumed and
R.(X) was calculated as described in reference 17. An
iterative approach determined the value of A" which re-
sulted in R.(X) for which R.(1) = 0. The second eigen-
function R.(X) was used then to calculate C. from Equa-
tion (13). All factors in the second term were then known
and its value was calculated. This resulted in a function
of X:
F(X) = CR.(X)e * (16)
Then, the assumption was made that two terms of Equa-
tion (7) were adequate to represent #(X, Z). Thus

CR(X)™ —8(X,2)~F(X)  (I7)
and
X, Z) —F(X
R(x) = 242 O (18)
e
But, since R,(0) = 1.0
C.e™ =6(0,2) — F(0) (19)
Thus, Equation (18) may be rewritten as
(X, Z) —F(X
R,(X) = ( ) (X) (20)

~ 9(0,Z) — F(0)

The first eigenfunction was reevaluated by this method.
Then the whole procedure was repeated until all the val-
ues became essentially constant.

VELOCITY AND CONCENTRATION PROFILES

All velocity and concentration profiles used in this work
were determined experimentally. Among the various func-
tions which have been proposed to describe the velocity
profile for turbulent flow, that of Hobler (20) is worthy
of special note. For the case of laminar flow, the equations
proposed by Hobler reduce to the Hagen-Poiseuille equa-
tion. Hobler’s velocity expression gave good agreement
with the experimental velocity profiles for all tests con-
ducted with a Reynolds number of 10,000 or more, except
for points very near the wall. A graphical comparison is
shown in Figure 2. For lower flow rates, the agreement
was not as good. These discrepancies are thought to occur
because of two reasons. First, the values of the velocity
measured near the wall are subject to the most experimen-
tal error because of the difficulty of measuring the velocity
without disturbing the flow in this region. Second, evalu-
ation of the Hobler profile requires a value of the Fan-
ning friction factor. This value is ordinarily obtained from
pressure drop measurements. However, with the equip-
ment used in this investigation, it was not possible to ob-
tain such measurements. Because of this, the friction factor
correlation for wetted-wall columns developed by Kamei
and Oishi (21) was used to calculate the friction factor.
Their expression is as follows:

-ff“—”: 1+ 8.97 X 107 (Nre) ™™ (p,/p2) ™"

0

(21)
Because of this, any quantitative comparison of the veloc-
ity profiles with that of Hobler may be somewhat mis-
leading.
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Fig. 2. Experimental velocity profiles.

It may be noted from Figure 2 that there is very little
difference between the measured dimensionless velocity
profiles for any of the tests. In fact, the Hobler velocity
profile evaluated at a Reynolds number of 54,300 approxi-
mately fits all velocity data. It is interesting to note that
the velocity distribution measured with liquid flowing
down the walls was not different from the distribution
determined with a dry column within the limits of experi-
mental error. This same result was reported by Schwarz
and Hoelscher (4).

The concentration profile data obtained with the use of
the lithium chloride probe are plotted in dimensionless
form in Figure 3. Two separate tests with the lithium
chloride probe were conducted at approximately the same
Reynolds number to test the reproducibility of the con-
centration profile data. The results of these tests are com-
pared in Figure 4. The differences between the curves are
believed to be within the limits of reproducibility of the
concentration measurements of the probe.

DISCUSSION OF RESULTS

The eigenfunctions and the velocity data were
smoothed by a five-point orthogonal least squares poly-
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Fig. 3. Experimental concentration profiles.
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nomial smoothing formula (22). This step was necessary
to calculate reliable derivatives of the eigenfunction for
use in Equation (15). After smoothing, C, was calculated
from Equation (13) with Simpson’s rule (23). For pur-
poses of interpolation of the eigenfunction and the veloc-
ity function in the application of Simpson’s rule, these

functions were closely approximated by a polynomial of
the type

(X)) =A, +AX 4+ AX 4 .. AXY (22)
where the constants were determined by a least squares
method. The eigienvalue \* could then be calculated from
Equation (14). The numerical differentiation of the eigen-
function was accomplished by a five-point method devel-
oped by Whitaker and Pigford (24) and based on Gram
orthogonal polynomials.

The eddy mass diffusivity profiles are graphically por-
trayed in Figure 5. The curves of Figure 5 show striking
similarities to those for the eddy viscosity and the eddy
thermal diffusivity. At a Reynolds number of 54,300,
which corresponded to a high flow rate, it was impossible
to prevent serious rippling. While the outline of this curve
is similar in appearance to the others, the curve exhibits a
sharper and displaced maximum as well as a steeper rise
from the wall. The shape of this curve is attributed to this
increased turbulence brought about by rippling. Also, the
third term in the series of Equation (7) is rapidly be-
coming significant for the value of z/D used in this work
at this Reynolds number. For this reason, the curve for
this flow rate is shown with a dashed line. The greatest
uncertainty in the eddy diffusivity profile is near the cen-
ter (X = 0). In this region the slope of the concentration
distribution is very small and very slight errors in the
concentration are reflected in large changes in the slope.
Additional data regarding profiles and eddy values are
presented in reference 25.

The numerical solution used to solve the mass diffusion
equation utilized the fact that Equation (8) together with
its associated boundary conditions is of the Sturm-Liou-
ville type and more particularly that R,(1) = 0. This
condition can be met only if the vapor pressure at the wall
is constant, which in turn is true only if the liquid tem-
perature is constant. Actually it was not possible to main-
tain the liquid at isothermal conditions in the column due
to liquid evaporation. A bulk temperature decrease of from
2° to 4°C. was sometimes observed. To obtain an esti-
mate of the effect this temperature change of the liquid
had on the final computed values of the eddy diffusivity,
the eddy values were computed for a typical test using

two different sets of boundary conditions. In one set, the
temperature of the liquid phase was considered constant

1.0
oe |
(]
06 ¢
]
0.4
0.2 o TEST 23
~ TEST 24
N
o] 0.2 0.4 0.6 0.8 1.0

X

Fig. 4. Reproducibility of concentration meas-
urements.
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at its inlet value and in the other set this temperature was
considered constant at its outlet value. The test chosen
was one in which there was an appreciable change in the
temperature and vapor pressure of the liquid phase. The
discrepancies between the two sets of data were slight
and were well within the uncertainties of the eddy dit-
fusivities. There was, however, some change in the eigen-
valnes. A more severe test would have been to utilize the
liquid surface temperature as a boundary condition. How-
ever, this temperature was not available in this particular
investigation.

The values of the concentration as calculated from
Equation (7) with the computed eddy diftusivity values
are in excellent agreement with the experimentally meas-
ured values. The uniqueness of the eddy diffusivity func-
tion is not assured by the numerical method, but it is of
fundamental importance that the function developed is

capable of generating the correct concentration distribu-
tion.

RATIO OF EDDY MASS DIFFUSIVITY TO EDDY VISCOSITY

The relationship between the eddy viscosity and the
velocity of a Hluid in turbulent flow in a cylindrical duct
may be expressed as

wgE e d
—Ti’”=<y+w)d—:’ (23)
p
with the definition
En(X) = 21 (24)
Equation (23) can be rearranged to
- wXNRz c
En(X) = =2 (25)
Qpu’ —
P
But
fo 2t (26)
pu”
Thus .
- Nﬂe
tax
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An indeterminacy exists at X = 0, but application of
L’Hospital's rule yields

Ev(0) = = fN=.

4 d&U
ax:

(28)

As previously pointed out, the Hobler function evaluated
for a Reynolds number of 54,300 gave the best fit to the
dimensionless experimental velocity data. This function
was differentiated and used in Equations (27) and (28).
The dimensionless eddy terms B(X) and Ey(X) were
converted to E and v, by their definitions and the ratio vy
was defined as

E D,[B(X)—1] B(X)—1
g _

ve  o[Eq(X) —1]  NeEyg(X) —1]
(29)

The value of the molecular diffusivity used was that of
water in air at the temperature of the gas phase. The ratios
of the eddy mass diffusivity and the eddy viscosity can be
calculated from Equation (29) for the various Reynolds
numbers. Again, the data are more qualitative than guan-
titative. The individual ratios of the eddy values at vari-
ous radial positions indicate no trend with the Reynolds
numbers employed in this work. However, it does appear
that y is smaller than unity over most of the column cross
section, and that the ratio increases rapidly near the cen-
ter of the duct and shows evidence of increasing again
near the wall. The ratio of the eddy mass diffusivity to
the eddy viscosity is less than the ratio of the eddy ther-
mal diftusivity to eddy viscosity which was reported by
Tao and Strunk (5) to be greater than one for the range
of Reynolds numbers used in this investigation. Values of
v averaged over the radial positions X = 0.2 to 0.8 were
found to be 0.64, 0.80, 0.77, and 0.70 at Reynolds num-
bers of 3,200, 6,300, 12,800, and 24,200, respectively.

NOTATION
A = transfer surface area
A, = constant [Equation (22)]

D, + E{X
B(X) = dimensionless eddy mass diffusivity = ——_1:——<—)
¢. = concentration of diffusing material, moles/vo'lume
C. = constant [Equations (7) and (13)]
D,, = diffusivity of component a through nondiffusing

component b

D, = molecular diffusivity, length®*/time
E = eddy diffusivity, length®/time

E,(X) = dimensionless eddy viscosity = (» + »s)/v
F(X) = function of X, Equation (16)
f(X) = tunction of X, Equation (22)

= Fanning friction factor

f. = friction factor for smooth tubes, Equation (21)

fo = friction factor for wetted-wall columns, Equation
(21)

g. = conversion factor

N. = moles of component a transferred per unit time

N.. = Reynolds number

Nrer, = Reynolds number of liquid phase

Ng. = Schmidt number

n = order of eigenvalues or eigenfunctions. Also desig-
nates n™* term in Equation (22)

P, = partial pressure of component a

P = vapor pressure of component a

P, = inlet partial pressure of ¢ in b

R = radius of column or conduit

R = eigenfunction
R./(X) = first derivative of eigenfunction
r = radial variable
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U(X) = dimensionless velocity = w(X) /u

u = time-smoothed axial velocity

© = average velocity over cross-sectional area of col-
umn

X = dimensionless radial positions = r/R

x = length along diffusing path

Z = dimensionless axial length = z/RN=#Ny,

z = axial variable

Greek Letters

T = mass flow rate of liquid per unit perimeter

v = ratio of eddy mass diffusivity to eddy viscosity

¢ = dimensionless concentration term =

(Pu“‘_Pu)/<Pu"_Pl)

AS = eigenvalue

s = gas phase viscosity

s, = liquid phase viscosity

v = kinematic viscosity

ve = eddy viscosity

p density of gas phase

Tw shear stress at the wall
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